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2022 2. (a) Find the absolute value, conjugate and

( May/June ) polar representation of the complex
number -2 +3i. 3

MATHEMATICS (b) State and prove the triangle inequality
for complex numbers. 5

( Honours )
(c) What are the fifth roots of unity? Plot

them in a figure. 3
( Complex Function Theory )
(d) Let
( HOP-4 ) S ={(x;, x5, x3)€ R3|x +x§ +x3 =1}
Marks : 75 What are the points of S that
Time - 3 hours correspond to the points O, 1+i in the
complex plane? 4
The figures in the margin indicate full marks
for the questions
Answer five questions, taking one from each Unit UNIT—II
UNIT—I 3. (a) Let {a,} be a sequence in C. When do
we say Xa, converges? When do we say
1. (a) Answer whether True or False with Ya, converges absolutely? Prove that if
justification : 6 Ya, converges absolutely, then Za,
@ 1-i)* =4 converges. 2+3=5
(i) Im(iz) = Re z for any ze C (b) Is the sequence
(i) Re(z) = -Im(iz) for any ze C 1\
(b) Prove that z is real © z =z 3 (1 +i)

(c) Sketch the sets {ze C||2z+3|>4},
{ze C|Imz>1}. 4+2=6
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convergent? Justify your answer. 3



()

(@)

(e)

(3)

If a sequence {z,} of complex numbers
is such that {|z, |} —|w]|for some we C,
is it true that z, —» w? Justify your
answer. 2

Find the radius of convergence of the

oo _n\n
power series z(z i) )

n=1 1 3
What is the principal value of it ? 2

What is a Cauchy sequence in C? Show
that every convergent sequence in C is
Cauchy. Is the converse true? Justify

your answer. 1+3+3=7
(b) Prove that
limsup(a,, +b, ) <limsupa, +limsupb, 4
(c) Write the power series expansion of

(b)

22D/831

sin z. What is the radius of convergence
of this power series? 3%

UNIT—III

Is the function f(z) =Re z differentiable
at some point ze C? Justify your
answer. 4

Verify that the Cauchy-Riemann
equations are satisfied for the function
f:C— C given byf(z)zzQ—z+1. 4

( Turn Over )

(c)

(@)

(b)

(c)

(d)
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(4)

Evaluate the value of J-zdz, where r is
r

the line in the complex plane from (1, O)
to (1, 1). 4

Let r:lao > C Dbe an arc (here,
a, be R, a<b). Prove that

[, f@daz=-] f(zdz

where —-r is defined by -r:[a, b] - C,
-nN@E=ra+b-t. 3

Let f: C — C be a function. When do we
say f is differentiable? Apply this
definition to evaluate f’(z) (for the

function f(2) = zz) at z=1. 1+1%=2Y,

Show that f(z) = z is not differentiable at
any point z. 4

What is the meaning of length of a
smooth curve? Suppose fis continuous
on a smooth curve r of length [ and if
|f(2) | MVz then prove that

‘Lf(z)dz‘ < Mi 1+2%4=3%

Let f: C — C be an analytic map. Show

that if f(z) is real Vze C, then f is
constant. S

( Continued )
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UNIT—IV
Find the power series expansion of

about z = 0. What is the radius of

(1-2)°
convergence of this series? 3
Evaluate the value of the integral
iz
Joz
r ZQ
where r(t) = e, 0<t<2n. 3
Define an entire function. Show that
every bounded entire function is
constant. 1+3=4
State and prove the fundamental
theorem of algebra. 1+4=5
Let fand g be analytic in C. Prove that
f=gifand only if {ze C|f(2) = g(2)} has
a limit point. Hence, find all entire
functions fsuch that f(x) = e* for x € R. 5
State and prove maximum modulus
theorem. S)
Evaluate
z -z
J-e e 4z
roogn
where n is a positive integer and
ri)=e", 0<t<2m. 5

( Turn Over )

(b)

(c)

(d)

10. (q)

(b)
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UNIT—V

Define the terms rotation, translation
and inversion. 3

If S is a Mobius transformation, then
show that S is the composition of

translations, dilations and the
inversions (of course, some of these may
be missing). 4

How many fixed points can a Moébius
transformation have? Justify your
answer. Hence show that if S is a
Moébius transformation satisfying
S(a@) =a, S(b) =P, S(c) =y and T is another
map with this property, then S=T. S

Evaluate the values of the following :
2+1=3
(i) 2 1-4 1, 1+79
(i) (i 1, 0, «)

What is a Mobius transformation? Give
example. 2

Show that the collection of Mobbius

transformations form a group under
composition. 5

( Continued )



(7))

(c) Find an analytic function which maps

{z|Im(2) >0} onto {z||z|<1} 4

(d) 1s the map f(2) =22 conformal at the
following? 4
(i) z=0

(i) z=1i

* Kk ok
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